Let H = (X, E) be a simple hypergraph and let f (H, ) denote its chromatic polynomial. Two hypergraphs H 1 and H 2 are chromatic equivalent if f (H 1 , ) = f (H 2 , ). The equivalence class of H is denoted by H . Let K and H be two classes of hypergraphs. H is said to be chromatically characterized in
Introduction
A simple hypergraph H = (X, E) consists of a finite non-empty set V (H ) = X of vertices and a family E(H ) = E of edges which are distinct non-empty subsets of X of the cardinality at least 2. H is h-uniform if |e| = h for each edge e ∈ E. A hypergraph is linear if any two of its edges do not intersect in more than one vertex. The number of edges containing a vertex v is its degree d H (v) .
A cycle C of length k in H is a subhypergraph comprising k distinct vertices v 1 , v 2 , . . . , v k and k distinct edges e 1 , e 2 , . . . , e k of a hypergraph H such that v i−1 , v i ∈ e i for each i ∈ {1, 2, . . . , k} (indices are taken modulo k) (see [1] ). A cycle C is elementary if d C (v i ) = 2 for each i ∈ {1, 2, . . . , k} and d C (u) = 1 for each other vertex u ∈ k i=1 e i . A hypertree is a connected linear hypergraph without cycles. A unicyclic hypergraph is a connected hypergraph containing exactly one cycle.
Let H be a hypergraph and be a positive integer. A -coloring of H is a function f : V (H ) → {1, 2, . . . , } such that for each edge e ∈ E(H ) there exist x, y ∈ e for which f (x) = f (y). These notions were first introduced and studied only for graphs by Chao and Whitehead [3] . Afterwards many scientists, among them Dohmen, Jones and Tomescu [4] [5] [6] 8] , started to study the chromaticity of hypergraphs. Till now only few chromatically equivalent or chromatically unique hypergraphs are known [2, 8] .
Let K and H be two classes of hypergraphs. H is said to be chromatically characterized in the class K if for every H ∈ H ∩ K we have H ∩ K = H ∩ K. We prove that uniform hypertrees and uniform unicyclic hypergraphs are chromatically characterized in the class of linear hypergraphs.
Some known results
In this section we remind some known results which will be used in the following sections.
Theorem 1 (Tomescu [8] ). Let H be a hypergraph of order n. Then f (H, ) = n + a 1 n−1 + · · · + a n−1 , where
where N(i, j) denotes the number of subhypergraphs of H with n vertices, i connected components and j edges.
Theorem 2 (Borowieiki and Lazuka [2]). If H is a hypergraph such that
where K p is a complete graph with p 1 vertices, then
Theorem 3 (Dohmen [4] ). If H is a hypergraph such that f (H, ) = a 0 n + a 1 n−1 + · · · + a n−1 + a n for n 1, then n = |V (H )|, a 0 = 1 and a n = 0. Moreover, if for a certain h ∈ {2, 3, . . . , n} each edge of H contains at least h vertices, then a 1 = a 2 = · · · = a h−2 = 0 and a h−1 = −b, where b is the number of h-edges of H .
Some lemmas
Lemmas 1-3, which will be proved below, show reverse reasoning to Theorem 3, i.e., knowing some of the coefficients of the chromatic polynomial f (H, ) we deduce some information about the structure of H .
Lemma 1. Let H be a hypergraph of order n 1 and f (H, )
Proof. By Theorem 1, we have a n−1 = j 0 (−1) j N (1, j) . Since a n−1 = 0, it follows that there must exist at least one connected spanning subhypergraph of H . Hence H must be connected.
Lemma 2. Let H be a hypergraph of order n 3 and f (H, ) =
n + a 1 n−1 + · · · + a n−1 . If for a certain h 3 and for a certain b 0 the following equalities hold
then H has no j -edges for j ∈ {2, 3, . . . , h − 1} and has exactly b h-edges.
Proof. In order to prove that H has no j -edges for 2 j h − 1 we use induction.
(1) By Theorem 1,
is the number of spanning subhypergraphs of H having j edges and n − 1 connected components. The subhypergraph of this property must consist of one 2-edge and n − 2 isolated vertices. Since a 1 = 0, it follows that H has no 2-edges. 
Lemma 3.
Let H be a linear hypergraph of order n 3 and f (H, ) = n + a 1 n−1 + · · · + a n−1 . If for a certain l 1, for a certain 2 z l and for a certain h 3
where k(h − 1) < n, and a i = 0 for each
then H has noj -edges for j ∈ {2, 3, . . . , z(h − 1) + 1}\{h}, has l h-edges and does not contain h-uniform cycles of length z.
Proof. We shall analyse the coefficients of f (H, ). 
2 l 2 , whereas, by Theorem 1,
where N(n − (2h − 2), 2) is the number of spanning subhypergraphs consisting of two h-edges (disjoint or having exactly one vertex in common) and the corresponding number of isolated vertices. The number of h-edges equals
(a) By Theorem 1 and the previous results, we have
Since a 2(h−1)+1 = 0, H has no 2h-edges. (b) Let us assume that H has no (2h + s)-edges for s ∈ {0, 1, . . . , r} for a certain 0 r h − 5. By Theorem 1 and the previous results, we have
We have a 2(h−1)+h−2 = a 3h−4 = 0, whereas, by Theorem 1,
where
) is the number of spanning subhypergraphs consisting of an h-uniform 3-cycle and n − (3h − 3) isolated vertices. Both numbers are non-negative, what implies
It means that H has no (3h − 3)-edges and no three of its h-edges form a cycle. (6) We have a 3h−3 = (−1) 3 l 3 , whereas, by Theorem 1,
where N(n − (3h − 3), 3) is the number of spanning subhypergraphs consisting of exactly three h-edges not forming a cycle and the corresponding number of isolated vertices. By the previous results, H does not contain an h-uniform 3-cycle. Therefore,
It means that H has no (3h − 2)-edges. In the next part of the proof we use induction on r and t. We treat the parts 4, 5 and 6 as the first step.
. Let us assume that for a certain 2 r z −2, H has no (s(h−1)+t)-edges for s ∈ {2, 3, . . . , r −1} and t ∈ {2, 3, . . . , h}, and no its h-edges form a cycle of length s + 1 for s ∈ {2, 3, . . . , r − 1}. Let us consider the coefficients
(a) By Theorem 1, we have
(b) Let us now assume that for a certain 2 t h − 3, H has no (r(h − 1) + t )-edges for t ∈ {2, 3, . . . , t}. By Theorem 1, we have
is the number of spanning subhypergraphs consisting of h-edges forming a cycle of length r + 1 and the corresponding number of isolated vertices. Let us consider two cases.
(a) If r is even then
Both numbers are non-negative so
It means that H has no (r(h − 1) + h − 1)-edges and does not contain an h-uniform cycle of length r + 1. (b) If r is odd then
(9) Let us consider a (r+1)(h−1) . Similarly as above, we obtain
where N(n − (r + 1)(h − 1), r + 1) is the number of spanning subhypergraphs consisting of r + 1 h-edges not forming a cycle and the corresponding number of isolated vertices. Let us consider two cases. 
We obtain
All the numbers in this equality are non-negative, so
By the case (8b), we also obtain N(n − − 1) + t)-edges for s ∈ {2, 3, . . . , z − 1} and t ∈ {2, 3, . . . , h}, moreover, H does not contain h-uniform cycles of length s + 1 for s ∈ {2, 3, . . . , z − 1}.
Chromaticity of uniform hypertrees
A hypertree is a connected linear hypergraph without cycles. Dohmen gave the explicit formula of the chromatic polynomial of an h-uniform hypertree.
Theorem 4 (Dohmen [5]). If T h
m is an h-uniform hypertree with m edges, where h 2 and m 0, then
Of course hypertrees, even uniform, are not chromatically unique. In the following theorem we prove that uniform hypertrees are chromatically characterized in the class of linear hypergraphs. 
then H is an h-uniform hypertree with m edges.
Proof. If for h 3 and m 1 the chromatic polynomial of H is of the form (1), then 
Of course the degree of f (H, ) equals m(h −
By studying the coefficients of f (H, ), we obtain the following results: Theorem 5 needs the linearity of a hypergraph. There might exist hypergraphs which are not linear but are chromatically equivalent with h-uniform hypertrees. However, by Theorem 6, these hypergraphs could not be h-uniform. 
Theorem 6 (Tomescu [8]). If h-uniform hypergraphs

Chromaticity of uniform unicyclic hypergraphs
A unicyclic hypergraph is a connected hypergraph containing exactly one cycle. One of such hypergraphs is an elementary cycle. Dohmen [5] gave the explicit formula of an h-uniform elementary cycle, while Tomescu [8] proved that such a hypergraph is chromatically unique.
Theorem 7 (Dohmen [5]). If C h m is an h-uniform elementary cycle with m edges, where h 2 and m 3, then
We prove that uniform unicyclic hypergraphs are chromatically characterized in the class of linear hypergraphs.
Theorem 8. Let H be a linear hypergraph. H is an h-uniform unicyclic hypergraph with m + p edges and a cycle of length p if and only if
where h 3, m 0 and p 3. 
Proof. Necessity. Without loss of generality, by Theorem 2, we can assume that a linear hypergraph H consists of an h-uniform elementary p-cycle C h p and a hypertree T h m with m edges in such a way that C h p and T h m have exactly one vertex in common. By Theorems 4, 7 and 2, we have
f (H, ) = f (C h p , ) · f (T h m , ) f (K 1 , ) = ( h−1 − 1) m+p + (−1) p ( − 1)( h−1 − 1) m .
Sufficiency. Let H be a linear hypergraph with f (H, ) of the form (2). Then
And now we are still studying the coefficients of f (H, ).
• a 0 = (−1) N(n − i, 1) we shall denote the number of spanning subhypergraphs of H consisting of one (i + 1)-edge and n − (i + 1) isolated vertices. Let us notice that since H is a linear hypergraph, the spanning subhypergraphs of H containing h-uniform cycles will be counted only by the coefficients a (p+j )(h−1)−1 for j ∈ {0, 1, . . . , m}.
(1) We use induction in this part of the proof. We have
(a) By Theorem 1 and the properties of H which are already known,
Since 
Since
is the number of spanning subhypergraphs consisting only of h-edges forming a p-cycle. Let us consider two cases.
(a) For even p we have 
As it was previously
where 
Since the number of all h-edges of H is equal to m + p and H contains N(n − (p(h − 1) − 1), p) h-uniform cycles of length p, it follows that
and
It means that H has neither p(h − 1)-edges nor (p(h − 1) + 1)-edges and contains exactly one h-uniform p-cycle.
By the case (2b), we obtain
. And then
Now, as it was in (3a), we deduce that H has neither p(h − 1)-edges nor (p(h − 1) + 1)-edges and contains exactly one h-uniform p-cycle. In the next part of the proof we use induction on r and t. We treat the parts 1, 2 and 3 as the first step. 
where N c (p) denotes the number of the subhypergraphs containing a p-cycle, whereas N c (p + r) denotes the number of the subhypergraphs with a (p + r)-cycle. We know that H has exactly one p-cycle, so N c (p) = By induction, H has no ((p + s − 1)(h − 1) + t)-edges and does not contain h-uniform cycles of length p + s for s ∈ {1, 2, . . . , m} and t ∈ {2, 3, . . . , h}. We proved that a linear hypergraph H with the chromatic polynomial given by (2) is connected, h-uniform and unicyclic with the cycle of length p, what completes the proof. Theorem 8 is also true for h = 2, i.e., for graphs. This case was presented in [7] . However the proofs of the cases h = 2 and h 3 require quite different methods and use different theorems.
Similarly as it was for h-uniform hypertrees, there might exist hypergraphs which are not linear and not h-uniform but are chromatically equivalent with h-uniform unicyclic hypergraphs.
